Bloch oscillations of cold atoms in two-dimensional optical lattices are studied. The cases of separable and nonseparable potentials are compared by simulating the wave-packet dynamics. For these two classes of optical potential, the Bloch oscillations were found to be qualitatively the same in the case of a weak static field but fundamentally different in the case of a strong field. In addition, the dynamics of the atoms in a double-period potential ͑which can easily be realized in two dimensions͒ is studied for the regime of a weak static field.
I. INTRODUCTION
A Bloch oscillation ͑BO͒ is the oscillation of a quantum particle in a spatially periodic potential ͑the lattice͒ if a static force is applied. Following Bloch ͓1͔ and Zener ͓2͔, the static force F changes the particle quasimomentum ͑here we discuss the one-dimensional case for simplicity͒ according to Newton's law ប ϭF, i.e., (t)ϭ 0 ϩFt/ប. Because the dispersion relation E() of the quantum particle in the lattice is a periodic function of , E(ϩ2/d)ϭE()(d is the lattice period͒, this linear change of the quasimomentum results in a periodic change of the group velocity v ϭdE()/បd and, hence, oscillations of the coordinate with period T B ϭ2ប/Fd ͑the so-called Bloch period͒ and amplitude ϳ⌬/F(⌬ is the bandwidth͒. Although this phenomenon was predicted almost 80 years ago, observing BO's in laboratory condition appears to be a hard problem and the first reports of direct measurement of BO's are dated 1992 ͓3,4͔. Recently, BO's were observed in a system of cold atoms in optical lattices ͓5͔. This system offers unique possibilities for experimental studies of this and related phenomena ͓5-11͔, which have also stimulated progress in theory ͓12-16͔. It should be noted, however, that up to now both laboratory and theoretical studies of atomic BO's were restricted to ͑quasi-͒one-dimensional optical lattices. This paper deals with BO's in two-dimensional lattices and, in this sense, continues our previous work ͓17͔ devoted to the spectral properties of the system.
Before proceeding with the main part, a remark concerning two different regimes of BO is required. These are the regime of a weak static field, where the Stark energy Fd is less than the energy gap ␦ separating the ground Bloch band from the rest of the spectrum, and the regime of a strong field, where FdϾ␦ ͑a more precise form of these inequalities is discussed later on͒. In the former regime, the LandauZener tunneling ͓18,2͔ is negligible and the atomic wave packet may show perfect oscillations. This regime was observed, for example, in Ref. ͓5͔ and the so-called single-band approximation has proved to be sufficient for describing the system dynamics. In the latter regime, the wave packet may remain practically at rest, but each Bloch period it emits a fraction of probability moving further with constant acceleration F/M (M is the mass of the atom͒. This regime was observed in Ref. ͓8͔ and its theoretical description was given in Ref. ͓13͔ by using the formalism of resonance ͑meta-stable͒ Wannier-Stark states. Obviously, these two regimes should also be distinguished in the case of two-dimensional ͑2D͒ lattices.
The structure of the paper is as follows. Section II deals with the Bloch spectrum of a quantum particle in a 2D optical potential. In contrast to the 1D case, any 2D potential should be classified as either separable or nonseparable. In the classical limit, this property strongly affects the particle dynamics-it is regular in the former case but chaotic or mixed in the latter case. In Sec. II, we discuss the Bloch spectrum of the system with respect to the property of separability. Section III is devoted to the regime of a weak static field. As mentioned above, in this case the Landau-Zener tunneling is negligible, and one may use the single-band approximation to analyze the wave-packet dynamics. The twodimensional BO's of the atom are considered for both separable and nonseparable potentials. As an addition to Sec. III, Sec. IV studies an interesting regime of BO's occurring in a double-period optical potential. The regime of a strong static field is analyzed in Sec. V. It is shown that here the difference between separable and nonseparable potentials is much more pronounced than in the case of a weak static field. In the last section we summarize the results of the paper.
II. 2D OPTICAL LATTICE
By using different configurations of laser beams, one can create 2D or 3D optical lattices almost at will. In what follows we restrict ourselves to the simplest configuration where two standing waves cross in the x-y plane at right angles. Moreover, the waves are assumed to be linearly polarized along the z axis and have equal amplitudes. If the frequencies of the waves are also equal, the beams form a nonseparable optical potential
where k L is the laser wave vector. It is easy to show that the potential ͑1͒ defines a simple square lattice with period d ϭ/ͱ2 (ϭ2/k L is the wavelength͒ and primitive translation vectors rotated by 45°relative to the laboratory coordinate system ͓see Fig. 1 ͑upper panel͔͒. The amplitude V 0 of the potential is given by the ratio of the squared Rabi frequency to the detuning and thus has different signs for red and blue detuning. Using the terminology of semiconductor physics, the negative and positive signs correspond to the smooth ''quantum dot'' and ''quantum antidot'' potentials, respectively. In Fig. 1 ͑upper panel͒ we plotted the quantum antidot potential. The quantum dot potential can easily be imagined by inverting the black and white colors. The separable potential can be obtained by using different frequencies in each standing wave. Then ͑neglecting a small difference in the wave vector͒ one has an ''egg crate'' potential
The period of this lattice is dϭ/2, the primitive translation vectors point along the x and y axes ͓see Fig. 1 where the only independent parameter of the system is the scaled Planck constant បϳ(E R /V 0 ) 1/2 entering the momentum operator ͓19͔. It should be noted that in all cited experiments with cold atoms the value of V 0 was a few E R ͑in particular,
Thus we shall also restrict ourselves to considering this region of the system parameters.
Examples of a Bloch spectrum for the system ͑3͒ are given in Fig. 2 . In what follows, we shall mainly focus on the ground Bloch band. Although the ground band looks similar for ϭ0 and ϭ " 0, there is still a fundamental difference in the dispersion relation EϭE( x , y ). This difference shows up in the coefficients of the Fourier expansion of the dispersion relation:
shown in Fig. 3 as a gray-scaled map. It is seen in Fig. 3 that in the separable case only the coefficients J m,n with nϭ0 or mϭ0 differ from zero, while in the nonseparable case all elements have nonzero values. ͑Also note the symmetry J Ϯn,Ϯm ϭJ m,n .) At the same time, even the largest nontrivial coefficient J 1,1 is only 1/20 of the coefficient J 0,1 , which essentially alone determines the width of the ground Bloch band ⌬Ϸ8J 0,1 . We found this to be a typical situation for the considered ͑and experimentally accessible͒ interval of ប.
III. SINGLE-BAND APPROXIMATION
Using the basis of localized 2D Wannier states ͓20͔, the Hamiltonian of the atom in the ground band of the 2D optical potential takes the form
where the overlap integrals J m are given in Eq. ͑4͒. The last term in Eq. ͑5͒ is the Stark energy. It is possible to show that in the general case of a nonseparable potential the spectrum and eigenfunctions of the operator ͑5͒ crucially depend on the direction of the static field F ͓17͔. For ''rational'' directions of the field, the eigenfunctions are localized functions along the field direction and extended Bloch-like functions in the direction normal to the field. For an ''irrational'' field, the eigenfunctions are localized in both directions. It should be noted, however, that for a ''bad'' rational number the width of the Bloch energy band is extremely small and it can be approximated by a flatband. Then one can construct from the exact extended eigenfunction an approximate localized eigenfunction with properties similar to those of the eigenfunctions for irrational F x /F y . The case of a separable potential is simpler: because of the symmetry ͑reflected in the restriction that J n,m ϭ0 for mϭ " 0 or nϭ " 0) the eigenfunctions of the operator ͑5͒ are localized functions for any direction except F parallel to the x or y axis ͓21͔.
To study the system dynamics, we integrated the Schrö-dinger equation for the single-band wave function given by ͉(t)͘ϭ ͚ l c l (t)͉l͘. The initial wave packet was chosen as a 2D Gaussian centered at xϭyϭ0 with variance ͗⌬x 2 ͘ ϭ͗⌬y 2 ͘ϭ16d
2 ͑the lattice period is dϭ2 in the scaled units used͒. In the reciprocal space, this initial condition corresponds to population of the bottom of the ground Bloch band with ͗⌬ x 2 ͘ϭ͗⌬ y 2 ͘Ϸ0.02
expectation values ͗x͘ and ͗y͘ of the wave packet as a function of time for trajectory c. As expected, the wave packet returns to its initial position after three Bloch cycles in the x direction and four cycles in the y direction. A weak ''beating'' of the oscillations ͑as well as a slight asymmetry of the trajectory in the xy plane͒ is a sign of nonseparability. In the separable case (ϭ0) the beatings are absent and the trajectory is perfectly symmetric.
It is interesting to compare the trajectories obtained numerically with those predicted by the quasiclassical approach. Within this approach, the atom trajectory is obtained by integrating the equation of motion
where v x,y ( x , y )ϭប Ϫ1 ‫ץ/‪E‬ץ‬ x,y are the components of the atomic group velocity. The trajectories calculated on the basis of Eq. ͑7͒ were found to coincide with the ones depicted in Fig. 4 with good accuracy. We use Eq. ͑7͒ later on in Sec. IV.
We proceed with the analysis of the dispersion of the wave packet. The lower panel in Fig. 5 shows the dispersion ͗⌬x 2 ͘,͗⌬y 2 ͘ of the wave packet for the trajectory c. No systematic dispersion is seen. Obviously, this is due to the extremely small bandwidth corresponding to the chosen ratio q/r. For the time interval considered, we were able to detect a systematic dispersion in the direction orthogonal to the field only in the cases a and b. Thus, in practice, the dispersion ͑existing for rational field directions͒ can be neglected if ͉r͉ϩ͉q͉Ͼ2. Coming back to Fig. 5 , we also note that, in addition to the absence of the systematic dispersion, the temporal dispersion is also weak. This means that the wave packet moves along the trajectory without any noticeable change of its shape. Exceptions to this rule are the directions close to the x or y axes. In this case, the wave packet may show a huge temporal dispersion without having a systematic one. In other words, for finite time the wave packet spreads in the direction orthogonal to the field, as it would do in the case of F parallel to the crystallographic axis, but then it collapses back to the initial state. An example of such behavior is the trajectory d shown as a function of time in Fig. 6 .
IV. DOUBLE-PERIOD OPTICAL POTENTIAL
Double-period potentials offer a unique possibility for studying different aspects of BO's, in particular LandauZener tunneling. Let us consider first a one-dimensional double-period lattice. Using the tight-binding approximation, the system can be mimicked by the Hamiltonian 
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HϭϪ ⌬
where ␦ is now the mismatch in the site energy. The Bloch spectrum of the system ͑8͒ is given by
.
͑9͒
Thus for ␦ϭ " 0 the original Bloch band E()ϭ Ϫ(⌬/2)cos(d) splits into two subbands with energy gap ␦ at the edges of the reduced Brillouin zone. According to Landau-Zener theory, the dynamics of the system ͑8͒ depends on the ratio ␦ 2 /⌬Fd, i.e., on the value of the energy gap ␦. For ␦ 2 /⌬FdӶ1 the system ignores the gap ͑diabatic transition of the avoided crossing at the edges of the Brillouin zone ͓24͔͒, and the regime of BO's is essentially the same as in the case of a strictly periodic lattice ͓see Fig. 7͑a͔͒ . In the opposite limit, ␦ 2 /⌬Fdӷ1, one has an adiabatic passage of the avoided crossing and the period of the BO's is twice shorter ͓Fig. 7͑b͔͒. However, the most interesting case is when the value of ␦ is between these two extrema. Then at each crossing of the zone edge a fraction of the wave packet tunnels from the lower to the upper subband and vice versa, and we get a coherent superposition of two oscillating wave packets ͓Fig. 7͑c͔͒. The possibility of this nontrivial dynamics was already mentioned in ͓25͔. In principle, nowadays it should be observable in semiconductor superlattices or in optical waveguide arrays ͓26͔ ͑although we are not aware of any experimental report͒.
In this section, we address the question of how the discussed phenomenon manifests itself in the 2D case. In this case, the optical lattice has an advantage over a semiconductor superlattice or waveguide array because it offers a very simple realization of the double-period 2D potential. To this end, we introduce the lattice given by the weighted sum of the potentials ͑1͒ and ͑2͒:
V͑x,y ͒ϭϪ͑ 1ϩ⑀ ͒͑ cos 2 xϩcos 2 y ͒ϩ⑀͑ cos xϩcos y ͒ 2 ,
͉⑀͉Ӷ1. ͑10͒
͓By rotating the coordinate system through the angle /4, this potential takes the form V(xЈ,yЈ)ϭϪcos xЈcos yЈ ϩ⑀(cos xЈϩcos yЈ), in comparison with Eq. ͑3͒.͔ An example of the potential ͑10͒ for ⑀ϭ0.01 as well as the Bloch spectrum of the atom in this potential are shown in Fig. 8 . The energy gap around E 0 ϭϪ0.15 is clearly seen. We note that for most practical purposes the displayed spectrum can be approximated by the equation
where ⌬ is the width of the ground Bloch band for ⑀ϭ0 ͓compare with Eq. ͑9͔͒. The effect of the gap on the system dynamics is illustrated in Fig. 9 , where the wave function of the system ͑calculated on the basis of the tight-binding model͒ is shown after one-half of the total Bloch period T tot ϭ(q 2 ϩr 2 )
1/2 T B . The initial wave packet is the same as in Fig. 4 and the field direction is 45°relative to the laboratory coordinate system. ͓In terms of Fig. 8 ͑lower panel͒, this corresponds to the line x Јϭ0.͔ As expected, the wave function consists of two oscillating wave packets ͑in close analogy with the 1D case͒ associated with the two subbands of the ground Bloch band. A similar result is observed for the field direction along the x or y axis.
The wave-packet dynamics for other field directions is essentially more complicated. A qualitative understanding of this complex dynamics can be achieved by using the quasiclassical approach ͑7͒. As an example, the solid line in Fig. 9 shows the atom trajectory for the field direction (Ϫ3,Ϫ1), calculated on the basis of the approximate dispersion relation ͑11͒. The branching points on this trajectory ͑labeled by the numbers͒ correspond to times when the quasimomentum crosses the edges of the reduced Brillouin zone. At these points the wave packet splits into two packets moving in opposite directions. To mimic this process we introduce for each crossing a ''child'' particle with a velocity opposite to the velocity of the ''parent'' particle. Since for the considered direction and time interval TϭT tot /2 we have three crossings of the zone edges, there are altogether 2 3 ϭ8 such particles. The final positions of the particles are marked by stars. ͑Be-cause the final positions of two pairs of particles coincide, only six stars are seen in the figure.͒ After the next time interval T the trajectory shown in the figure doubles itself ͑dotted line͒.
The actual wave-packet dynamics qualitatively follows the the depicted trajectory ͑see Fig. 10͒ . In more detail, starting from the point marked by 0 in the figure, the wave packet moves toward point 1 where it splits into two packets going toward points 2 and 2Ј, respectively. ͑This is the first crossing of the zone edge.͒ At these points each of the two packets again split into two packets moving in opposite directions ͑the second crossing of the zone edge͒. Now we have a superposition of four packets approximately aligned along the line connecting the points 3 and 3Ј. We note that, because the wave packets overlap and interfere, visually one has one packet extended in the direction orthogonal to the field. The next crossing of the edge of the reduced Brillouin zone splits this extended packet into two packets with the region of support above the ''left'' and ''right'' arrays of the stars, respectively. As time goes on, the process described repeats and thus the wave function spreads in the orthogonal direction. In the field direction, the wave packet remains bounded and its dynamics can be characterized as a breathing mode. These results also hold for irrational field directions.
V. STRONG STATIC FIELD
We proceed with the case of a strong static field. Since in this case the single-band approximation is no longer valid, we study the system dynamics on the basis of the ''continuous'' Hamiltonian ͑3͒ ͑with a static field term added͒; namely, we choose a Gaussian wave packet as an initial wave function and evolve it over a few common Bloch periods T tot ϭ(r 2 ϩq 2 )
1/2
T B . Figure 11 shows a fragment of the final wave function ͑in both momentum and coordinate representations͒ in the case of a separable potential. ͑The system parameters are បϭ2, Fϭ0.2, and F x ϭF y .) It is seen in the figure that there are two streams of probability directed along the crystallographic axis of the lattice. This structure of the wave function simply follows from separability ͑i.e., from the fact that the 2D wave function is a product of 1D functions associated with the x and y degree of freedom͒ and the structure of the 1D wave function in the strong field regime. Let us discuss the latter in more detail. According to Ref. ͓13͔, the 1D wave function is given in the momentum representation by the equation
͑12͒
Here ⌰(p) denotes the Heaviside function, ⌿(p) is the ground metastable Wannier-Stark state corresponding to the complex energy EϭEϪi⌫/2, and ␦ (p) is a Gaussian whose width is given by the width of the initial wave packet. Because in the asymptotic region of negative momentum ⌿(p)Ϸexp͓i(p 3 /6FϪEp/F)/ប͔, the Fourier transform of the function ͑12͒ is essentially a train of Gaussians positioned according to a quadratic law ͑i.e., similar to a train of water drops accelerated by the gravitational force͒. It is easy to see that this structure of the 1D function indeed describes the characteristic features of the 2D wave function shown in Fig.  11 . It is also worth noting that Fig. 11 refers to the special case F x ϭF y . In the general case F x ϭ " F y , the intervals between the wave function ''drops'' ͑defined by the corresponding Bloch periods͒ are different in different streams. The same is true for the absolute intensities of the streams, which are equal only in the case F x ϭF y .
The case of a nonseparable potential is depicted in Fig.  12 . It is seen that, in addition to the x and y streams, there is a directional channel along the diagonal. We also notice a rather complicated interference between these three probability streams. The existence of additional directional channels ͑in comparison to the separable case͒ was predicted earlier in Ref. ͓27͔ by using a classical approach. We briefly recall this result of ͓27͔. Let us consider first the classical dynamics of the atoms in the separable potential. The x stream then corresponds to an unbounded motion along the x axis, ͑14͒, which depends parametrically on x. However, because xϳt 2 , this term rapidly oscillates and can be averaged. Thus the nonseparability of the potential does not destroy the x channel. The same is obviously valid for the y channel. Now we rotate the coordinate system by 45°: xЈϭ(x ϩy)/2, yЈϭ(xϪy)/2. In the new coordinate system the Hamiltonian of the atom takes the form
Hϭp x
2 ϩp y 2 Ϯ 1 2 ͑ cos xЈϩcos yЈ͒ϩ2 cos xЈcos yЈ
By repeating the argument given above, the possibility of bounded motion along the new crystallographic axis can be easily proved. Thus, there are four directional channels in the nonseparable case. The observed quantum dynamics of the atoms reflects to some extent this property of the classical system.
VI. CONCLUSION
We have analyzed the dynamics of cold atoms in 2D optical lattices driven by a static ͑for example, gravitational͒ force. The analysis is restricted to the deep quantum regime ͑the scaled Planck constant បϾ1) which corresponds to the amplitude of a periodic potential of few recoil energies. Moreover, it is assumed that initially the atoms occupy the bottom of the ground Bloch band. Provided all these conditions are met, the atoms show ͑as in the previously studied case of a 1D optical lattice͒ Bloch oscillations with the characteristic period T B ϳប/F, where F is the magnitude of the static force and is the laser wave length.
The main question addressed in the paper is how the property of separability of the optical potential affects the Bloch oscillations. To answer this question we considered the simplest experimental situation, where two standing waves crossing at right angles form either separable ͑2͒ or nonseparable ͑1͒ potentials. Obviously, for a separable potential, the 2D Bloch oscillations are a superposition of 1D Bloch oscillations along the x and y axes, which leads to a Lissajous-like trajectory of the atom in the x-y plane. In the case of a weak static field ͑in the sense of no Landau-Zener tunneling͒ the dynamics of the atoms in a nonseparable potential is found to be qualitatively the same. This is also true for ''rational'' field directions F x /F y ϭq/r, where the energy spectrum of the system is formally different ͑discrete or band structured ͓17͔͒. Thus, assuming the experimental technique of Ref. ͓5͔ ͑which is appropriate for the case of weak static fields͒, the difference between separable and nonseparable potentials can be detected only on the quantitative level. This is, however, not the case for a strong static field, where the results differ qualitatively; namely, for a separable potential, there are only two directional channels along which the atoms tunnel out of the potential wells. In the case of a nonseparable potential additional directional channels appear. In addition to this, a strong interference between different streams of the probability is noticed. To observe this effect one could use the experimental arrangement of Ref. ͓8͔, where the 1D lattice is substituted by a 2D lattice.
The phenomenon discussed above is not the only effect brought about by a transition to higher dimension. In particular, it is shown above that by using four standing waves one can realize the case of a double-period potential ͑10͒, where the ground Bloch band is split into two subbands. With respect to Bloch oscillations, this potential acts as a ''copy machine'' which progressively splits the atomic wave packet into many wave packets moving separately and interfering with each other when their positions overlap.
